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Evaluation of Simple Rate Expressions for
Vibration-Dissociation Coupling

David A. Gonzales* and Philip L. Varghese?
University of Texas at Austin, Austin, Texas 78712

We consider relatively simple expressions for inelastic state-to-state and state-specific dissociative rate coef-
ficients for use in vibrational master equation studies of shock-heated CO, N,, and O, highly dilute in Ar.
Rotationally averaged inelastic rate coefficients are determined using information theory. Rotationally averaged
dissociative rate coefficients are computed using an expression we developed earlier and refined in this work.
The master equation is linearized by neglecting diatom-diatom collisions and recombination. This allows us to
use efficient eigenvector-eigenvalue matrix techniques. We show that the information theoretic rate coefficients
are easily formulated and more accurate than commonly used Schwartz, Slawsky, and Herzfeld rate coefficients;
they are therefore well suited for engineering solutions of the master equation. Our master equation results
indicate that the most significant contribution to dissociation comes from low- and midlying vibrational levels.
In addition, we find that the omission of multiquantum transitions results in significant underpredictions of the
average vibrational energy and average dissociative rate coefficient.

Introduction

IBRATION-DISSOCIATION coupling has been ex-

amined recently by several researchers'~* and also by
us.>~7 Here we continue our studies and evaluate relatively
simple expressions for inelastic (bound) state-to- (bound) state
rate coefficients and state-specific dissociative rate coeffi-
cients. We seek expressions which are more accurate than
those derived from first-order theories and which are well
suited for engineering solutions of the vibrational master
equation.

We limit our study to shock-heated mixtures of diatomic
gases highly dilute in an argon heat bath. We neglect diatom-
diatom collisions and consider only the dissociative reaction
(i.e., no recombination). These assumptions result in linear
vibration-dissociation kinetics and a vibrational master equa-
tion which may be solved using efficient eigenvector-eigen-
value matrix techniques. We simulate shock heating by in-
stantaneously raising the heat bath temperature to some final
constant value. We then compute the time evolution of the
vibrational populations from an initial equilibrium distribu-
tion to the steady-state condition. The inelastic and dissocia-
tive rate coefficients we compute are rotationally averaged.
We assume a Boltzmann distribution of rotational states at
the bath gas temperature, and thus we solve a system which
is in rotational equilibrium throughout the vibrational relax-
ation process.

We have chosen the simpler linear problem for several
reasons. First, there are experimental and computational data
available to calibrate and verify the inelastic and dissociative
rate coefficients for dilute mixtures. Second, the full linear
problem (i.e., an analysis including all state-to-state transi-
tions) can be solved in a matter of 3-5 CPU s on a Cray Y-
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MP, making the linear problem extremely affordable. Third,
we expect to extrapolate lessons learned in these studies to
facilitate future solutions of the nonlinear problem in which
diatom-diatom collisions and back reactions (recombination)
are included.

Computations were performed on p-H, to compare our
results with those obtained using more sophisticated and ex-
pensive techniques. The other diatomic molecules considered
in this article are CO, N,, and O,.

Inelastic State-to-State Rate Coefficients

In previous papers>® we discussed multistate methods to
compute inelastic state-to-state rate coefficients k(v— v') and
state-specific dissociative rate coefficients k(v — c), where v
and v’ are initial and final vibrational quantum numbers, re-
spectively, and where ¢ denotes the continuum of dissociated
(product) states. However, the multistate method, while more
accurate than first-order theories,® remains an inefficient means
to compute thousands of rate coefficients required for master
equation calculations, even with the acceleration schemes we
discussed.®

The inelastic rate coefficients used in this work are com-
puted using the information theoretic approach of Procaccia
and Levine.® In this section we will only briefly discuss in-
formation theory and refer the interested reader to the lit-
erature for a more comprehensive description.®?

The rotationally averaged rate coefficients k(v — v'; T),
where T is the translational-rotational temperature, may be
written in terms of the surprisal (v, v'; T):

Iv,v;T)= - 4 [k(v—>v"; TYk°(v—v'; T)] (la)

= A + A|E, — E,|/xT (1b)

where Eq. (1b) assumes a linear surprisal. Here, E, is the
vibrational energy of level v; A, and A are parameters discussed
below; and « is the Boltzmann constant. Equation (1b) is the
so-called exponential gap form for I(v, v'; T) [and hence for
k(v— v'; T)]. The rate coefficient k°(v— v'; T) is the “prior”
rate coefficient and is given by

k'v—v, T) = Z Y;(v|T) jZ gk wj = v T)  (2)
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where

Y| T) = [Qeolv; D 'g(N(Z + Dexp(-E,/xT)  (3)

Fmax(¥.

)
Qu(v; TY = 2 &)@ + Dexp(—E,/kT) (4

J=Jmin

ko(vj = vj's T) = RO(T)(Z' + DA exp(A)K,(4) ()

A = (E, — E,;)2«T (6)
The prior rate represents the rate one would expect in the
absence of any dynamical bias in the collision process. The
surprisal is thus a measure of the deviation of the actual rate
coefficient from the prior rate. In many cases, the surprisal
has been observed®* to vary linearly with the energy defect
|E, — E,|/xT.

In Egs. (2-6), Y,(v|T) is the equilibrium fraction of mol-
ecules in the state (v, j); Q.. (v; T) is the partition function
of the rotational manifold associated with level v; j is a ro-
tational quantum number; and g«(j) is the nuclear spin de-
generacy. Because CO is heteronuclear, nuclear spin degen-
eracy may be neglected. One can set g, = 1 for all j and j’,
and the sums over j and j' are unrestricted. The most abundant
isotopes of N, and O, are homonuclear (N, and *0,), so
nuclear spin statistics must be considered. For N, in the ground
electronic state ('2}), g, = 6 for even j and g, = 3 for odd
j. Thus, the sums in Egs. (2) and (4) are split into separate
sums over even and odd j, respectively, each with an appro-
priate spin degeneracy. It should also be noted that the al-
lowed transitions in Eq. (2) are from even j to even j' and
from odd j to odd j'. This is because collisions do not change
the nuclear spin symmetry. For O, in its ground (degenerate)
electronic state (* ), g, = 0 for even j and g, = 1 for odd
j. Therefore, only odd j values need be considered in the
sums. The energies E,; are determined by a nonlinear least
squares fit to solutions of the radial Schrédinger equation
using the ground electronic state internuclear potential of
Huxley and Murrell.’* We computed 79, 59, and 44 bound
vibrational levels for the rotationless state of CO, N,, and O,,
respectively. The temperature dependent term C(T) and the
proportionality constant R are provided for completeness,
but, as will be shown below, cancel out when computing
k(v—v'; T). K,(A) s the first-order modified Bessel function
of the second kind. The upper triangular elements of the prior
rate coefficient matrix K%, = k°%v— v'; T) were computed
first using Eq. (2), and the remainder were determined using
detailed balance. (Reversing this order gave unsatisfactory
numerical results, as might be expected, because the lower
triangular section contains the comparatively small excitation
rates).

The utility of the information theoretic approach is its abil-
ity to generate or “‘synthesize™ all the (bound) state-to- (bound)
state transition rate coefficients k(v— v'; T) in a direct man-
ner.® To synthesize, the rate coefficients are first written as

kv—v'; T) = A(Dk%v—> v'; DNexp(—A|E, — E,|/kT)
(M

where it can be shown® that
A(T) = exp(—Xy) = k(v—=v; TVK'(v—=v; T) (8)

Equation (8) involves only the elastic rates (i.e., |E, — E,|
= 0). The rotationally averaged elastic prior rate coefficient
is

Jmax(v)
k°w—v; T) = RC(T) >, Y,(v[T)

1= Imin

Jmax(v)

X 28U + DA exp(A)K,(4) ©

4 =Jmin

where j;, and j...(v) are common lower and upper bounds,
respectively. Using Eq. (9) in Eq. (8) implies A(T) «< [RC(T)] ",
and Eq. (5) implies k%(v— v'; T) « RC(T). Thus, Eq. (7) is
independent of RC(T) and may be rewritten as

k(v—>v; T) = A(Dk(v— v'; Thexp(—A|E, — E,|/xT)
(10)

where

K—viT) = 2 V0I1) X g.()Q + DA exp(d)K,(4)
(1

Jmax(®)

A(T) = k(v— v; T) [2 Y, (| T)

J = Imin

imax(v)

x > &N+ DA exp(A)Kl(A)] (12)

J = Jmin

As explained below, we need not compute the right side of
Eq. (12), and only present it for completeness. [Equations
(9), (11), and (12) of Ref. 11 are incorrect but do not affect
the results presented therein. The corresponding equations
of this article give the correct expressions.] The surprisal pa-
rameter A is obtained by requiring that the rate coefficients
[Eq. (10)] obey the sum rule®?

Tw; T) = 2 (E, — E)k(v—v'; T) (13a)

_ V(=) - E,

(pm)/kT (13b)

where V() and (p7) represent average quantities of the bulk
system of relaxing oscillators. V() is the average vibrational
energy at equilibrium, and (p7) is the product of the pressure
p and the vibrational relaxation time 7. This product is com-
puted by the formula of Millikan and White.'? Given that V(7)
is the average vibrational energy of the bulk system at time
t, Eq. (13) is a necessary and sufficient condition for the
(assumed) exponential relaxation of V(¢) to its equilibrium
value V(x).® Thus, Eq. (13) relates the microscopic rates
k(v— v'; T) to the macroscopic observable V(7). A

By forming the ratio I'(1; T)/I'(0; T), (pr)/xT, and A(T)
cancel, and A is obtained by iteration. Once A is determined,
the value for A(T) is computed using Eq. (13) with v = 1.
Hence, it is not necessary to compute the right side of Eq.
(12). Equation (10) inherently satisfies detailed balance be-
cause it is symmetric in E, and E,,, and (as discussed above)
the prior rates satisfy detailed balance.

Note that an entire set of rate coefficients can be easily
generated by knowing only the energies E,; and the product
(p7). One does not require information about potential en-
ergy surfaces, inverse range parameters, etc.

State-Specific Dissociative Rate Coefficients

In this work, we use an expression for the state-specific
dissociative rate coefficient k(v — ¢; T) that we have devel-
oped and present in detail elsewhere.'® In our model, disso-
ciation proceeds from all vibrational-rotational states for which
E,; = D,, where D, is the dissociation energy of the diatom
(i.e., we neglect dissociation from quasibound states).

The v-dependent dissociative rate coefficient is

Fmax(¥)

kv—c; T) = 2 Y0|Dk@i—>¢T)  (14)

J = Jmin
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where the internal-state-dependent rate coefficient is given
by

1/2
x, + Ay )

Pmax 4,

k(vj—¢; T) = e(v)Z (

X exp[—(A; — Admax)]exP[_)‘D(Ad - Admx)] (15)
Here, A, = B(Do — E,); Ay, = B(Do — E,;,,); B = VT,
x, and x,, . are variables which arise from thermal-averaging
approximations; Z = ous(8«T/mp)'?; and oys = w(d, +
da)44. Z is the hard sphere rate coefficient, oy is the hard
sphere cross section, and d; and d,, are the effective diameters'*
of the diatom i and the Ar atom, respectively. The reduced
mass of the diatom-Ar pair is p. The surprisal (or “‘bias”)
parameter for dissociation is A,. This parameter is assumed
to be temperature independent and is to be determined. Once
Ap is obtained, k(vj — ¢; T) and k(v— ¢; T) are completely
specified.

The “bridging function” &(v) is given by

8(1)) = squad(v) = (1 -

or

0o/ Ous)(V/V)* + Oplons  (16a)

0yl

() = eont®) = (L22) 1~ exp(-ui.0)

+ 0p/0ys (16b)

0, is the cross section for dissociative transitions from state
(v=0,j = jo.)- The product £(v)Z represents the maximum
value for k(vj— ¢; T) for dissociative transitions from a given
v. We make the prescription that when E,, = E,; = D,,
then k(vj = ¢; T) = k(vjnx — ¢; T) = &(v)Z. This biases
the dissociative rate coefficients to high-lying internal states
and is the unique feature of our model.

The results of Haug et al.'* indicate that those molecules
with internal energy E,; = D, and with high vibrational quan-
tum number have relatively higher dissociative cross sections.
This implies that vibrational energy is more effective than
rotational energy in causing dissociation when E,; = D,
We have developed the bridging function &(v) to account
for this observation. e(v) approximates the variation of
k(Vjax — ¢; T) with v, and by definition has a minimal value
of oy/oys at v = 0 and a maximal value of unity at v =
vmax'

Equations (16a) and (16b) provide two forms for &(v): the
former is quadratic in v and the latter is exponential. These
forms are motivated by the quasiclassical trajectory (QCT)
calculations of Haug et al. who examined collisions of para-
H, (p-H,) with Ar. In their work, thermally averaged dis-
sociative cross sections from specific (v, j) states were com-
puted for T = 4500 K. We observed™ an essentially quadratic
variation of their dissociative cross sections with v. Specifi-
cally, we isolated those cross sections corresponding to dis-
sociative transitions from the highest-lying bound (but not
quasibound) vibrational-rotational states.

The calculations of Haug et al. yield o, = 0.0 A2 for
p-H,—Ar collisions. We have arbitrarily chosen o, =
0.01 A2 for our calculations because we encountered numer-
ical difficulties for o, = 0.0 A2. However, for 0.0001 < o, <
0.1 A2 our master equation calculations did not show signif-
icant quantitative differences.’?

In Fig. 1 we show &,,q(v) and &,,,(v) for CO- Ar collisions.
As will be discussed below, the quadratic form [Eq. (16a)]
worked better for N, and O,, and the exponential form [Eq.
(16b)] worked better for CO.

Linear Kinetics
For highly dilute mixtures of diatomics in Ar, in which
diatom-diatom collisions and back reactions are neglected,
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Fig. 1 Quadratic and exponential bridging functions for CO-Ar col-
lisions.

the master equation is linear in the molecular fractional pop-
ulations X,

djfv = 3 kX, = kX - BX, an
where
X(1) = n(t)  n() (18)

2 n,(0) ~ n(0)

v

and where the summations are over all bound vibrational
levels of the diatom. The pseudo-first-order rate coefficients
are given by k,,. = k(v — v'; T)p and k,. = k(v— c; T)p.
Here, n,(t) is the number density of diatomic molecules at
time £, and p is the number density of the argon diluent. To
compare directly with other studies, we take p to be 1.28 x
10" molecules cm 3. It should be noted that the distribution
X,(¢) is normalized to unity only at ¢ = 0. Equation (17) can
be written more compactly as

dx,
Tl 2 K, X, (19)

where K, are elements of the rate matrix K

K, =k, v #F v (20)
K,= -2 k, — k, (21)
v Fv

The general solution to Eq. (19) is

X,(t) = X a,u,, exp(w,1) (22)

where w,, and u,,, are the eigenvalues and normalized eigen-
vectors, respectively, of the rate matrix K, i.e., Ku,, = w,u,,
with w,, < 0 for all m. The eigenvectors are normalized ac-
cording to X, u,,,, = 1. The constants of integration a,, are
determined from the initial condition, which we always take
to be a normalized Boltzmann distribution at the initial tem-
perature T,.

If |w,| is the eigenvalue of smallest absolute value and |w,|
is the next smallest, then for f >> (Jw,| — |@,]) ! the steady-
state distribution is®

X3 = au, exp(wt) (23)
and the normalized steady-state distribution is

Py = X3/ X2 = u, (24)



GONZALES AND VARGHESE:

The steady-state distribution is obtained at long times when

all eigenmodes, except the one corresponding to w,, have

decayed and no longer contribute to the sum in Eq. (22).

P is simply the normalized eigenvector corresponding to w,.
The induction time is defined as!®

t = lo| ' 4 a, (25)

and the average dissociative rate coefficient at steady state is
given by

ks(T) = 2, Pgsk(u—> c; T) (26)

Resillts

Evaluation of Inelastic Rate Coefficients

In this section we compare inelastic rate coefficients com-
puted by information theory (IT) with those computed by the
method of Schwartz et al.’” commonly known as SSH theory.
In particular, we consider the Keck and Carrier version!® of
SSH theory which has been used recently in master equation
studies.>* The SSH rate coefficients are given by>+*

kssu(v—=v'; T) = sZw(v—v'; T) 27
where

wovs Ty = v2 (228

f(&) = 0.5[3 — exp(—2&/3)]exp(~24/3),

0<¢=21.622 (29a)

£(&) = 8(m/3)\2¢7 exp(—3£2%),  £>21.622 (29b)
_ (2m'w(aER\"”

£= < o?h’kT ) (30)

and AE = E,. — E,. Here, w(v — v’; T) is the thermal
probability for the v— v’ transition, s is the steric factor, U,
is the matrix element for the v— v’ transition, « is the inverse
range parameter, and /4 is Planck’s constant. We take s = 3
and obtain the value of « from Ref. 19.

We scale the SSH rates so that they reproduce the 1 — 0
result in the harmonic oscillator/Landau-Teller approxima-
tion, given by

kuo(1 = 0; T) = {(pn)B(1 — exp(-0/T)]} 1 (31)

where 6 is the characteristic vibrational temperature for the
diatom. The scaling term 7 is defined by

_ kuo(1 — 0; T)
"= ks = 0; T) (32)

The set of scaled SSH rates are thus obtained by the relation
Su(v— v T) = nhssp(v—>v'; T) (33)

This set of rate coefficients is designated SSH/sc. Similar scal-
ing techniques were used in Refs. 3 and 4.

We are aware of no published high-temperature state-to-
state cross sections or rate coefficients, either computed or
measured, for At collisions with CO, N,, or O,. Therefore,
our comparisons with the SSH/sc results are only qualitative.
However, we can compare the IT and SSH/sc rates with the
QCT calculations of Duff et al.? who computed thermally
averaged state-to-state cross sections ooc(v — v'; T) for
p-H,—Ar collisions at 4500 K.
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As shown in Ref. 20, rate coefficients may be computed
from thermal QCT cross sections according to

kocr(v—=>v'; T) = (1),00cr(v—> 0’5 T) (34)
where the thermal cross sections are defined by

2 A@ae(vi = v'j'; ),

UQCT(U_) U/; T) = 2 <'U>

(35)

Here, (), denotes a Boltzmann average over initial j states,
(), denotes a Maxwellian average over relative collision ve-
locities v at the temperature T, and (»), = (8« T/wrp)"2. Thus,
normalized QCT rate coefficients are given by

koct(v— v's TYZ = oger(v— v'; T)loys (36)

For p-H,-Ar, kyo(l — 0; T) = 1.38 x 10~2 ¢cm® mole-
cule”! s7!, and the corresponding IT value is 1.1 x 10-12
cm® molecule ~! s~!. This good agreement is expected since
the IT rates are essentially scaled by (p7). We computed a
value of 4.4 x 10~ cm® molecule ! s~! for koer(1 — 0; T)
using kocr(0 — 1; T) provided in Ref. 20 and detailed bal-
ance. The QCT value is larger than the IT value by a factor
of 40. We will assume that ko (1 — 0; T) is accurate, and
thus scale all the IT rates by this factor. For consistency, we
use koer{l — 0; T) instead of kyo(1 — 0; T) to scale the
SSHisc rate coefficients.

In Figs. 2a and 2b we show normalized rate coefficients
k(v —v'; T)/Z for transitions from the initial states v = 4 and
v-= 10, respectively, for the p-H,—Ar case. For the SSH/sc
calculations; we use & = 1.72a;" (3.25 A- 1} as given in Ref.
20, where g, is the Bohr radius, and we compute n = 0.637.
Duff et al.?” determined this value for « using the same po-
tential energy surface as in their QCT calculations. The figures
show that the IT rates provide better matching to the QCT
results for all initial and final vibrational states presented. In
general, one observes large differences between the SSH/sc
and QCT rates, especially for multiquantum transitions. In
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Fig. 2 Normalized rate coefficients for H,— Ar collisions at 4500 K.
QCT? (squares), scaled IT (circles), rescaled SSH/sc (triangles): a) v
=4andb) v = 10.
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Fig. 2a, the SSH/sc method provides reasonable accuracy only
for nearest neighbor transitions. However, in Fig. 2b one can
see that the nearest neighbor SSH/sc rates exceed the hard
sphere rate Z by 2 orders of magnitude.

It should be mentioned that the sum rule [Eq. (13a)] is
linear in the vibrational energy E, [Eq. (13b)], and is a nec-
essary and sufficient condition for exponential relaxation of
the average vibrational energy to equilibrium.® Truhlar and
Blais?' have tested the validity of the linear sum rule as-
sumption by computing Eq. (13a) for p-H,~Ar collisions at
4500 K using QCT rate coefficients derived from a realistic
potential energy surface. The rate coefficient for vibrational
relaxation k.., (T) = «T/(p7), computed by taking the ratio
I'(v; T)[V(») — E,], was found to be v-dependent. Specifi-
cally, k,,.,(T) varied at most by a factor of 5.5 over the range
0 = v = 13. Thus; they concluded that a surprisal synthesis
based on the sum rule of Eq. (13) would be an inaccurate
means to compute k(v — v’; T).

Moreover, we have shown elsewhere!? that the unscaled IT
rate coefficients for p-H,— AR collisions at 4500 K underpre-
dict the QCT values of Duff et al.?* by more than 2 orders
of magnitude. A least squares fit to the Duff et al. values
resulted in a scaling factor of 152 for the IT rate coefficients.
QCT (or other sophisticated) calculations of other diatomiic
systems would be useful to further examine the validity of the
sum rule.

Despite these problems, the good agreement between the
scaled IT and QCT results suggests that if one knows the
value of only one QCT rate coefficient, then an entire set of
reasonably accurate state-to-state IT rate coefficients may be
efficiently obtained. While we have shown that this is the case
for p-H,—Ar, an extrapolation of this observation to other
diatomics awaits corresponding detailed computational chem-
istry calculations with which to compare.

Since N, has been the subject of many recent investiga-
tions,'-¢ we compare in Fig. 3 the (unscaled) IT rates with
the SSH/sc rates [Eq. (33)] for transitions from the initial
states v = 15 and v = 50, respectively, for N,—Ar collisions.
We compute n = 15.3, and again see large differences be-
tween the IT and SSH/sc rates for multiquantum transitions.
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Fig. 3 Normalized rate coefficients for N,—Ar collisions at 8000 K.
IT (circles), SSH/sc (triangles): a) v = 15 and b) v = 50. :
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Fig. 4 Steady-state dissociative rate coefficients for CO in Ar. Com-
putations (solid lines), experimental data®* (circles).
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Fig. 5 Induction times for dissociation of CO in Ar. Computations
(solid lines), experimental data®> (squares).

In addition, as in the H,— Ar case, some SSH/sc rates exceed
Z for large v. For v = 50, we see that the IT and SSH/sc rates
are closest for multiquantum transitions. This behavior sug-
gests that the scaling parameter 7, while allowing good match-
ing for the 1 — O transition, causes (perhaps unphysical)
overpredictions of niearest neighbor (and sometimes higher)
transitions from high v states.

In the absence of sophisticated computational chemistry
calculations or experimental measurements for CO, N,, and
0O,, we assume that the IT inelastic rates are reasonable for
engineering purposes and use them in all remaining calcula-
tions in this work.

Determination of A,

To determine A, we first compute the average steady-state
dissociative rate coefficient k(7)) and the induction time ¢
and then select the value of A, which best fits the correspond-
ing shock tube data. In Figs. 4 and 5 we plot k5(T) and ¢, for
several values of A, for the CO—Ar case over the temperature
range 8000 = T = 15,000 K and T; = 300 K and compare
with the shock tube data of Ref. 22. The best matching occurs
for A, = 0.4. For N, and O, (not shown), the best matching
occurs for A, = 1.

As expected, the k$(T) curves shift downward with in-
creasing A, for each molecular species. This is because A,
acts as a biasing parameter that effectively reduces the number
of (v, j) states from which dissociation may occur as it in-
creases. In addition, for a given A, the k3(T) curves have
higher absolute value when the exponential bridging function
is used instead of the quadratic one. This is due to the rela-
tively larger dissociative cross sections in the exponential
bridging function model (Fig. 1). As mentioned earlier, &,,,(v)
worked better for CO because ¢,,,4(v) resulted in curves that
were below the experimental data for all Ap.
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Steady-State and Transient Results

The fractional contribution of each vibrational state to the
average steady-state dissociative rate coefficient is given by

f5 = Pok(v— c; TYkT) (37)

In Fig. 6, we show f3 for CO-Ar at the heat bath temper-
atures T = 8000, 12,000, and 15,000 K, and the initial tem-
perature T, = 300 K. It can be seen that the majority of the
contribution to k3(T) comes from low- and midlying vibra-
tional levels with the contribution from high-lying states in-
creasmg with increasing temperature. The peak contribution
is near v = 20. Similar behavior was observed for N, and O..

We next consider the relative contribution of each vibra-
tional state to k5(T) by measuring its distance from the dis-
sociation threshold (DT) in units of «7. Many simple theories
assume that only thosé vibrational states which are within a
few T of the DT contribute significantly to dissociation. Fig-
ures 7a and 7b are linear plots of f* vs E, /D, for CO at 8000
and 15,000 K, respectively. On the upper axis we show (D,
— E))/kT. [The irregularities in the curves are a result of
rotational averaging in the calculation of k(v — ¢; T).] The
figures indicate that most dissociation occurs from vibrational
states that are many 7T below the DT. This behavior is due
to the contribution of rotational energy to dissociation. Sim-
ilar results can be seen for N, and O,, and these are shown
in Figs. 7c and 7d for T = 8000 K, respectively.

It should be noted that for high enough temperatures, D,/
kT is so small that all vibrational levels are within a few «T
of the DT (Figs. 7a and 7b illustrate this trend). Therefore,
at high temperatures the number of T below the DT is not
a meaningful measure of internal state contribution to disso-
ciation. In addition, at a given temperature (D, — E,)/«T is
smaller for molecules with relatively lower D, This can be ob-
served in Figs. 7a, 7c, and 7d for which D§® > D§* > Dg>

The results in Figs. 6 and 7 contradict the notion that the
overall dissociative rate coefficient is biased to high-lying vi-
brational states. Itoh et al.>* and Haug et al."” have shown
that this is not the case. Itoh et al. solved the vibrational
master equation for shock-heated Br,—Ar and Br,—Br mix-
tures using rate coefficients derived from QCT calculations.
They concluded that the dominant contribution to k3 (T') comes
from low v and high j states. Haug et al. exammed shock-
heated p-H,—Ar. They solved a vibrational-rotational master
equation and demonstrated that the most 51gn1f1cant contri-
bution to k% (T) comes from mid v and high j states. Thus,
our relatively simpler model qualitatively reproduces these
more elaborate calculations. In addition, Blais and Truhlar*
have shown for p-H,—Ar collisions that states which lie near
the dissociation threshold [i.e., high (v, j)] have relatively
higher state-specific dlssoc1at1ve cross sections, and therefore,
relatively higher rate coefficients k(v — c¢; T). Their results
confirm the more accurate notion that state-specific dissocia-
tive rate coefficients are biased to high-lying internal states.
Therefore, we observe a distinction between the state-specific
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Fig. 6 Logarithmic plot of the relative contribution of vibrational
states to the average steady-state dissociative rate coefficient for CO
in Ar.
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Fig. 7 Linear plots of the relative contribution of vibrational states
to the average steady-state dissociative rate coefficient: a) CO-Ar
collisions at 8000 K, b) CO-Ar collisions at 15,000 K, ¢) N,—Ar
collisions at 8000 K, and d) O,—Ar collisions at 8000 K.

dissociative rate coefficients k(v— ¢; T') and the overall rate
coefficient k55(T'), which is a weighted sum of the state-specific
rate coefficients [see Eq. (26)].

A measure of nonequilibrium effects at steady state is given
by the variable y(T), defined as

¥(T) = kH(T)/kF(T) (38)
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k$(T) = 2 Pok(v—¢; T) (39)

where k¢/(T) is the average dissociative rate coefficient at
equilibrium, and P¢4is the normalized equilibrium population
in vibrational level v. This ratio was considered by Haug et al.'®
for p-H.,—Ar collisions at 4500 K and was described as
a correction factor for nonequilibrium. They computed y(T')
= 1/2.8 = 0.36. In Fig. 8 we show y(T) for CO-Ar and
N,—Ar collisions over the range 8000 = T = 15,000 K, and
for O,—Ar collisions over the range 2500 = T = 12,000 K.
[These temperature ranges are consistent with the experi-
mental data that were used to determine the respective values
for A,: CO (Ref. 22), N, (Ref. 25), O, (Ref. 26)]. For each
case, the initial temperature T, = 300 K. It can be seen that
nonequilibrium effects are significant over the range of tem-
peratures shown, especially for N,—Ar and O,—Ar collisions.
The relative position of the curves for the given species is as
expected since O, is the most easily dissociated, while CO is
the most difficult. In addition, an interesting trend is observed
that appears to be consistent with the bond strength of the
diatom: at some value of T, y(T) increases. This indicates
that at temperatures higher than some critical temperature

. T, where the superscript i denotes the diatomic species,
k3(T) increases faster than k53(T) with increasing T. Tt is
evident from Fig. 8 that values for T’ appear in the order of
increasing D,, i.e., the lowest value is observed for O,, then
N.. and the highest value is expected to be observed for CO
at some temperature above 15,000 K.

Figure 9 shows the time evolution of the normalized pop-
ulations P(t) for CO—Ar. The initial and final temperatures
are 4000 and 15,000 K, respectively. The normalized popu-
lations may be inferred from Eq. (24) as P(t) = X, (1)/Z, X,(¢).
The solid lines labeled P/ and P/ represent the initial and
final Boltzmann distributions. Since recombination reactions
are not included in this study, the P/ distribution is never
obtained. One observes that the CO-Ar system relaxes uni-
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Fig. 8 Ratio of the steady-state dissociative rate coefficient to the
equilibrium value for CO, N,, and O, in Ar.
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Fig. 9 Time evolution of the normalized vibrational populations dur-
ing dissociation of CO in Ar. See text for definition of labels.
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formly to the steady-state distribution, labeled ss. We identify
the steady-state time by 7,, = |@;|~' = 8.2 us. The distribution
labeled a represents the distribution at the earliest time we
show, namely ¢ = 107 %r,. Succeeding distributions are at
1073, 1072, ..., 7,. The distributions show slight over-
populations of the high-lying states at the earliest times and
underpopulations at the latest times. The distributions at steady
state and at 10~ !z are nearly coincident. Similar results were
obtained for N, and O,. The overpopulation of high v states
at early times has been attributed to the strong influence of
multiquantum transitions.*’

The distributions presented in Fig. 9 were computed on a
Cray Y-MP using the EISPACK subroutine ‘RG,?® and re-
quired approximately 5 CPU s.

Single vs Multiquantum Effects

Finally, we consider the effect of single and multiquantum
transitions on overall (bulk) observables in the shock-heated
gas mixture. The two observables we compute are the average
vibrational energy V(t) and the average dissociative rate coef-
ficient k,(t), given by

V(t) = 2, P(t)E, (40)
kdt) = S P(Okw— ¢; T) (1)

V(t) and k,(t) are the variables one would compute in
nonequilibrium flow codes.

In Figs. 10a and 10b we calculate V{(t) and k,(¢), respec-
tively, in two ways: first, we allow all inelastic transitions,
both nearest neighbor and multiquantum; and second, we
allow only nearest neighbor inelastic transitions. We use IT
rate coefficients for all inelastic transitions. We consider a
highly dilute mixture of O, in Ar that is shock-heated from
2000 to 10,000 K. One can see in Fig. 10 that if only nearest
neighbor transitions are allowed, the V(¢) and k(¢) profiles
are shifted to longer times and lower absolute values. The
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Fig. 10 Time evolution of the average vibrational energy of O, in a)
Ar computed using nearest neighbor (only) and multiquantum IT in-
elastic rate coefficients. b) Same as in a) except for the average dis-
sociative rate coefficient.
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time shift is an indication that multiquantum transitions in-
crease the rate at which high-lying states are populated. Near
1 us, the nearest neighbor result underpredicts the multi-
quantum result by ~60% for V(¢) and by a factor of ~30 for
k,(t). At steady state, the nearest neighbor value underpre-
dicts by ~30% for V(¢) and by a factor of ~5 for k,(t). Thus,
we observe that k,(¢) is more sensitive than V(¢) to the effect
of multiquantum transitions.

Conclusions

In this article we show that information theoretic rate coef-
ficients compare well with published quasiclassical trajectory
calculations for p-H,~Ar collisions after appropriate scaling
by a single factor. We also compare information theoretic rate
coefficients with rate coefficients determined from the theory
of SSH for p-H,—Ar and N,--Ar collisions and conclude that
the information theoretic rates are superior to the SSH rates,
especially for multiquantum transitions. In addition, infor-
mation theoretic rate coefficients are well suited for engi-
neering solutions of the master equation since an entire set
of inelastic rate coefficients can be easily generated knowing
only the internal energies and the product of the pressure and
vibrational relaxation time.

Our master equation results indicate that at steady state
the most significant contribution to the average dissociative
rate coefficient comes from low- and mid-lying vibrational
levels for shock-heated mixtures of CO, N,, and O, highly
dilute in Ar. This corresponds to a significant number of kT
energy units below the dissociation threshold. We find, for a
given initial temperature, that the contribution from high-
lying states increases with increasing heat bath (final) tem-
perature. In addition, it was shown that the steady-state dis-
sociative rate coefficient is far from its equilibrium value for
the temperatures considered in this study.

Finally, an examination of the effects of multiquantum tran-
sitions shows that omitting multiquantum transitions shifts the
relaxation to steady state to longer times and results in large
underpredictions of the average vibrational energy and the
average dissociative rate coefficient.
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